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ANSWERS TO EXERCISES IN VOLIME I, CHAPTER 1

1-1. An argument is a bunch of sentences. One of them is called the
conclusion and the rest are called the premises. The idea is that if you
believe that the premises are true, then that should give you same reasan
for believing that the conclusion is true also.

There are a great many different examples you could give of both
inductive and deductive argument. Here is are examples which are a little
different fram the anes given in the text:

Inductive:
High government spending causes interest rates to go up.
The govermment is spending a lot.

Interests rates will go up.

Deductive:
Either the govermment will not spend a lot or interest rates will go up.
The goverrment will spend a lot.

Interest rates will go up.

In the inductive argument, if you really believe the premises, you are going
to think that the conclusion has a good chance of being true. But even if
there is the causal connection between goverrment spending and interest rates
claimed in the first premise, the connection is not sure fire. Many factors
other than government spending influence interest rates, for example the
demand for loans by businesses and hame owners. In the case of the deductive
argument, if the premises are true the conclusion has got to be true also.
For suppose that the first premise is true. If the second premise is true
also the first disjunct of the first premise is false. So the only way left
for the first premise to be true is for its second disjunct to be true, which
is the conclusion.

1-2. a) G&F, b) G&F, c) Gv-F, d) -G&F, e) -(G&F), f) -G&F, g) -(GVF),
h) —Gv-F, i) -(GVF)

1-3. A non-truth-functional sentence is a longer sentence built up from ane
ormresrprtarca@aemsemgmsinmid\tmtmthvalueoftmmleis
NOT determined JUST by the truth values of the components. In other words,
inoxde.rtofiguremtthetmthvalueofthewholeymmldhavetohw
more than just the truth value of the camponent or camponents. Here are same
examples: ‘Smith believes that Tokyo has a larger population than New York. ’
The expression ‘Smith believes that’ can be regarded as a connective. Put it
in front of a sentence and you get a new, longer sentence. But knowing the
truth value of the shorter sentence is not enough to determine the truth
value of the longer semtence. Knowing whether Tokyo has a larger population
than New York will not tell you whether Smith believes that Tokyo has a
larger population than New York. Here is another example. Suppose we are
flipping a permy. Consider: ‘The penny cames up heads is more prabable than
the penny cames up tails.’ Knowing the truth value of ‘The penny cames up
heads.'arﬂ"mepemycmuptails.'ismpern:ghtohwmethercanixg
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up heads is (or was) more likely than caming up tails. To know whether thi
is true you need to know whether or not the coin is weighted to make heads
more likely than tails.
1-4. Main
Sentence Connective Components
b) (D&G)v(GD) v D&G, G&D
D&G & D, -G
-G - G
G&D & G, D
c) [(Dv—B)&(DvB) ]&(DVB) & (Dv—-B)&(DvB), DvB
(Dv—B) & (DVB) & Dv—B, DvB
Dv—B v D, —B
—B - -B
-B - B
DvB v D, B
d) L&{Mv[-N&(Mv-1)]} & L, (Mv[-Na(W-L)]}
Mv[-N&(Mv-L)]} v M, -NaMv-L)
-N& (Mv-L) & N, Mv-L
-N - N
Mv-L v M, -L
-L - L

1-5. b) is not a proper sentence logic sentence. There is no way to get tt
aq:msslmbymudmgltupbyﬂmeformathnﬂsﬁmshortersartence
logic sentences. ‘-’ applies only to a sentence, and no sentence begins wit
‘&’. f£) is also not a sentence logic sentence. In this case the problem i
that parentheses are missing which would tell us whether the sentence was
supposed to be a conjunction of two shorter sentences or a disjunction of t
shorter sentences.
The other expressiaons are all proper sentence logic sentences.

a) b)

1-6. A B -B -BvA BvA —(BVA) c) QT QT —Q -T -Qv-T (QvT)&(-Qv-T)
tt £ t t f tt t £ f f £
tf t t t f tf t £t t t
ft £ £ t f ft t t £ t t
fft t f t £ff £ t t t f

d) D G -G D&G G&D (D&-G)V(GS&D)

tt £ f t t
tf t t f t
£ttt £ £ f f
£ff f f f f

e€) A BC -B -BvC AV(-BVC) £f) KPM-P ~PuM -P&(-PvM) Kv[-P&k(-PvM) ]
ttt £ t t ttt £ t £ t
ttf £ £ t ttf £ f £
tft t t t tft t t t t
tfft t t tff t t t t
ftt £ t t ftt £ t £ £
ftf f f f ftt £ f £ £
fft t t t £ft t t t t
fff t t t fFff t t t t
g) DB -B—B Dv—B Dv-B VB (Dv—B)&(Dv—B) [(m—s)&(m-s)]&(ma)
ttf t t t
tft £ t t ot t t
ftf t t £t £ £
£ft £ f t f £ £
h) LMN-M N -L -M~L —N&(-Mv-L) Mv[-N&(-Mv-L)] L&{Mv[{-N&(-Mv-L)]}
tttf £ £ f £ t t
ttff t £ f £ t t
tftt £ £ t £ £ £
tfft t £ t t t t
fttf £t t £ t £
ftEff t t t t t £
£ftt £t t £ £ £
fFfft t t t t t £

1-7. Quotation marks function to form the NAME of a letter or expression.
‘A’ is a name of A. Thus, when I want to talk about a sentence letter, or a
campound sentence, I put quotes arourd the expression. On the other hand, I
use no quotes when I USE an expression. Also I am using bold face capitals
to talk about sentences generally.

Philosophers refer to this distinction as the distinction between Use
and Mention.



ANSWERS TO EXERCISES IN VOIUME I, CHAPTER 2

2-1.'Ibsaythatbdamismtboth\x;lyanidmbistosaythatheismt
ugly, or he is not dumb (or possibly not either ugly or d&mb): ‘~Uv-D’.
Equally, this comes to saying that he is not both ugly and dumb: -(U&D). If
you think about these two expressions, I hope you will see that they come to
the same thing. We shall prove that they are logically equivalent in the
next chapter. But ‘-U&D’ is an incorrect transcription. Transcribe it back
into English, and you get: ‘Adam is not ugly and not d&mb,’ which is saying
samething stronger than that Adam is not both ugly and dumb.

2-2. a) CvD, b) OVD, c) C&D, d) C&D, e) ~Cw-D, f) —Cv-D, g) D&A,
h) (B&A)v(~B&E), i) -D&(CVE), j) D&-A, k) (BvA)&E, 1) (DVB)&-A,

m) (C&~E)&A, n) A&k-D, ©) ASE, p) (Cv-D)&(BvA), q) (E&D)&(Bv-3),

r) -AL[B&(CVE)], s) Av-A, t) (AVA)&[C&(DVE)], u) BV[E&(DvC)],

v) [(Bv-A)&(DVE) Jv[ (Av-B) &(C&-D)].

2-3. a) Either Adam is blond or not.

b) Adam loves Eve ard is not blond.

c) Neither is Adam in love with Eve nor is Eve clever.

d) Adam is blond, or Eve is dark eyed and not clever.

e) Eve is either in love with Adam or not clever, ard either Adam is not
blond or he is in love with Eve.

f) Either it is the case that both Adam loves Eve or Eve loves Adam and
Eve is not clever, or it is the case that Eve is clever and not dark eyed.

g) Eve is clever. Furthermore, either it is not both true that Eve
loves Adam and Adam is blond; or Eve is dark eyed and Adam either is not
blord or is in love with Eve.

2-4. Yarr choice of sentence letters may of course vary fram mine. But you
should have sentence letters symbolizing the same atomic sentences as in the
answers below.

a) RVT (R: Roses are red. T: Teller will eat his hat.)

b) P&-R (P: Monty Python is furmy. R: Robert Redford is fumy.)

c) -C&-N (C: Chicago is bigger than New York. N: New York is the
largest city.)

d) FvD (F: I will finish this logic course. D: I will die trying to
finish this logic course.)

e) -(H&S), or equally, -Hv-S (H: W.C. Fields is hardsome. S: W.C.
Fields is smart.)

f) -(GW), or equally, -G&U (G: Uncle Scrooge was generous. U: Uncle
Scrooge was understanding.)

g) T&O (T: Minnesota Fats tried to diet. 0: Mimnesota Fats was very
overweight. )

h) (P&I)&E (P: Peter likes pickles. I: Peter likes ice cream. E: Peter
likes to eat pickles and ice cream together.)

i) (R&B)&T (R: Roses are red. B: Violets are blue. T: Transcibing
this jingle is not hard to do.)

]) (OVT) &(~S&=N), or equally, (OvVT)&-(SWN) (O: Columbus sailed the ocean
blue in 1491. T: Columbus sailed the ocean blue in 1492. S: Columbus
discoverd the South Pole. N: Columbus discovered the Narth Pole.)

k) [(C&P)V(G&T)]&D (C:Imke will catch up with Darth Vader. P: Iuke
will put and end to Darth Vader. G: Darth Vader will get away. T: Darth
Vader will cause more trouble. D: Eventually the Empire will be destroyed.)
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ANSWERS TO EXERCISES IN VOIIME I, CHAPTER 3

3-1.Wearegouqtoprwethenabn;anlawwh1d\saysﬂ'at -(Xv¥) is
logically equivalent to -X&-Y. We will do this by calculating the Venn
Diagram Area for the first sentence and then for the second sentence:

XY - (xVY)
p > S, o
E # |
x Y i
All points inside All points outside of
of X or inside of Y (XvY)
-X -y -X&-Y

il

/
.._—rf‘ T“m.
il l

All points inside

All points autside All points outside
both -X and -Y

of X of Y

We can see that the areas are the same. Since the areas represent the cases
in which the sentences are true, the two sentences are true in the same
cases, that is, they are logically equivalent.

Now we use the same method to prove the logical equivalence of X&(YvZ)
and (X&Y)V(X&Z):

Yz X&(YvZ)

(i

All points inside of both X
. and inside of YVZ.

All points inside
of Y or inside of Z




X&y X2 (X&Y)V (X82)

All points inside

All points inside
of both Xand Y

All points inside of
of both X ard 2

either X&Y or X&Z.
Since the areas coincide, the sentences are logically equlvalent
Finally we do the same for Xv(Y&Z) and (XvY)&(XvZ):

Y&Z XV (Y&Z)

All points inside of X
or inside of (Y&2Z)

XY XvZ (XVY) & (XVZ)
pa ,/9
X ¥ % 7

All points inside of
of both Xv¥ and of XvZ

All points inside

All points inside
of X or inside of Y

of X or inside of 2

3-2. a)

©)

e)

f)

9)

B-A b) (A&B)VC

-AVB o™ CV(A&B) ™

-av—B [N, SIE (cvh)&(cvB) D

-(As-B) M (AVC)&(BVC)  C, SIE

Ak(—CVB d) -[(Ax-B)v(C&B)]

A&ECNB)) IN, SIE —((:&-Bgzgc_&&a)m g{{ -
—Av—] s ,

(REQv(RiB) D (-AVB) & (—CVB) N, SIE
(-A&-C)vB D, R

(AVB) & (CVD)

[ (AVB) &C]V[ (AVB) &D] D

[ (ASC)v(B&C) V[ (ASD)V(B&D)] D, SLE

(ASC) v (B&C) V (A&D) v (B&D) a

(A&B) v (C&D)

( (A&B)vC]&( (A&B) VD] D

[ (AVC) & (BVC) 1&[ (AVD) &(BVD)] D, SLE

(AVC) & (BVC) & (AVD) & (BVD) A

(CSA) v (B&C) V[ Ch~ (-B&A) ]
(C8A)V(CEB)V(C&—(-B&-A)] M, SLE
[ (CSA)V(C&B) IV[C&—(-B&-A)] A

[C& (AVB) ]V [C&=(~-B&-3) ] D, SLE
[C& (AVB) JV[C&(—Bv—a3) ] M, SLE
[C& (AVB) JV[C&(BVA) ] DN, SLE
(C& (AVB) IV [C&(AVB) ] o, SLE
C&(AVB) R

h) Note that in proving two sentences XardYtobelogical}y ]
equiva.')Lent, ane can just as well startwitr’xﬂresecmd.ard prove it logically
equivalent to the first as start wi the first and prove it logically
equivalent to the second.

i)

C&[-Av~(-CVA) ]
C&[-AV(~—Cs&-R)]  I[M. SIE
C&[-AV (C&-A) ) IN, SIE
(C&-A)V{C&(C&-3)] D
(Ca-A)V[ (C&C)&-A] A, SIE
(C&-A) v (C&—A) R, SIE
C&-A R

C&(-(AV-B)V[B&—(-CVA) ])

C&( (—-M&—B)V[B&(—C&-A)]} DM, SLE
C&{ (~A&B)V([B&(C&-A) ]} N, SLE
C&( (-A&B)v{ (B&C) &-A]) A, SIE
[C&(-ALB) JV{C&[ (B&C)&-A])} D

[C& (-A&B) JV{[C&(B&C) ]&-A) A, SLE
[C&(-R&B) Jv{ [ (B&C) 6C}&-A) M, SIE
[C&(-A&B) ]v( [B&(C&C) 1&-A) A, SIE

(C& (~A&B) 1v{ [B&C1&-A} R, SIE
[ (-A&B) &C]v{-A&[B&C] ) o, SLE
(-A&BSC) v (-ASB&C) A, SIE
-ASB&C R .



3-3. For any sentences X, Y, and 2, -(X&Y&Z) is logically equivalent to
=Xv-¥v-Z. And -(XV¥VZ) is logically equivalent to =X&-Y&-Z.

3~4. Suppose we have a disjunction Xv¥, and suppose that X is a logical
truth. Than means that in every possible case X is true. But the
disjunction XvY is true in any case in which either one of its disjunctions
is true. Sjncexisa.lmystme,misalwaystme,mmistosaythat
XY is a logical truth.

Suppose, now, that we have a conjunction, X&Y, and that X is a contra-
diction. That is to say, in every possible case, X is false. But the
canjunction X&Y is false in any case in which either of its conjuncts is
false. Since X is false in every possible case, X&Y is false in every
possible case, which means that XaY is a contradiction.

3-5. By LIC ‘A&(Bv-B)’ is logically equivalent to ‘A’.

3-6. a) A&(~AVB)
(A&~A)V(A&B) D
AsB : D (Law of contradictory disjunct)

b) Av (~AAB)
(AV-A)&(AVB) D
AvB ITC (Law of logically true conjunct)

C) (A&B)V(A&-B)
Ak(Bv-B) D
A ITIC

d)  (AVB)&(AV-B)
Av (B&-B) D
A o ‘

e) Ak[Bv(-ALC))
(AAB)V[A&(-ALKC)] D
(ASB) V[ (A&-A)&C] A, SIE
(AAB) < (’ (A&%-D)&C’ is a conmtradiction by

the results of problem 3-4)

£) cvB
(C&A)v(C&—R)V(B&A)V(B&A) Law of expansion (problem c¢ above)
applied to ‘C’ and to ‘B, SIE
(C&A) v (B&A) v (C&—A) v (B&-2) M, SLE

g) You can do this problem using prablem d in the same way that we d
f using ¢. Or,
(CVA) & (Bv-D) & (-AVC) & (VB)
(CVA) & (Cv-A) & (BWD) & (Bv-D) M, SIE
(CV(A&-A) ] &[Bv(D&-D) ] D
C&B (&M}

h)  (A&B)v(-A&-B)
(Av~A) &(Bv-A) &(AV-B) &(Bv-B) D (Prcblem 3-2 f)
(Bv=2) & (AV-B) IIC
(-AVB) & (-BVA) M, SIE

]

i)  -(-AVBjv-avC

(—A&-B)v-AvC M, SIE

(A&-B) v-AvC IN, SILE .
{ (A&~B)v-A]VC A, SIE

([ (Av-A)&(-Bv-A) JvC D, SIE

(-Bv-A)vC 1TC, SIE

(-Av-B)vC ™M, SIE

-Av=-BvC A

3-7. a) Neither. b) Contradiction. c) Neither. d) I.ogim]_. Truth.
e) Contradiction. f) Contxadiction. g) Neither. h) Logical Truth.
i) logical Truth. 3) Iogical Truth. k) Neither. 1) Logical Truth.

3-8. a) We first work the problem with a truth table:

A B A&B -(A&B) '-(ASB)’ is true if case 2 is true, if case 3
is true or if case 4 is true. ‘A&-B’ says that
case 2 is true, ’-A&B’ says that case 3 is true
and /-ps-B/ says that case 4 is true. So, the
disjunction of these three case-describing

sentences is logically equivalent to ’~(A&B)’:

H ot ot
Lo W die Nes
(2 N Wa Was
t ot oty

The disjunctive normal form of ’-(A&B)’is ’ (A&-B)V(-A&B)V(-A&-B)’.

Now let’s try to work the problem by using a sequence of laws of logical
equivalence. To work the problem given what you know, youhavetgapply
DeMorgan’s law and then fiddle around until you get the sentence into the
right form. The following does the job:

- (A&B)

-Av-B . M

[ (-A&B)v(-A&-B) JVv[ (-B&A)v(-B&-A)] law of expansion (problem 3-6 c), SLE
(-A&B) v (-A&-B) Vv (-B&A) A, R

b) First with truth tables:

A B C -A ASB -A&C (A&B)V(-ALC) —[(A&B)V(-A&C) ]

ttt £ t £ t

ttf £ t £ t £
tft £ ¢ £ £ t
tff £ £ £ b4 t
ftt t £ t t £
ftf t ¢ £ £ t
fft t f t t £
fff t f f £ t

There are four cases in which the final sentence is true, described by the
sentences ‘A&-B&C’!, 'A&-B&C’/, '-ALB&C’, and '-A&~B&~C’. The whole sentence
is true in any one of these cases, and in no others; so we get a logically
equivalent sentence by taking the disjunction: The disjunctive normal form
of —[(A&B)V(-A&C)]’ is ’/ (A&~B&C)V(-AAB&~C)V (A&—-B&—C)V (~A&—B&—C)’.

Now let’s use laws of logical equivalence. I first apply DeMorgan’s law
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twice. This gives a conjunction of disjunctions, and I want the opposite,
namely a disjunction of conjunctions. But I can convert the ane to the other
by using the distributive law twice. Actually we already did the work in
problem 3-4. e), so I just cite that problem for the result. The resulting
ccmjlmctiaxs only involve two of the three letters in the problem, so I have
to apply the law of expansion to each of them to get the final disjunctive
normal form:

—[ (A&B) v (~A&C) ]

- (A&B) & (-A&C) ™

(-Av-B) & (Av=C) M, IN, SIE

(-A&A) V (-B&A) V (-A&—C) V (~B&~C) Problem 3-4. e)

(-B&A) v (~A&~C) V (=B&~C) o)

(-B&ALC) v (-B&A&~C) v (~A&—C&B) v (-A&—C&-B) v (-B&—C&A) v (-B&=C&~A)  law of
expansion
(-B&A&C) v (-B&A&-C) v (-A&—C&B) v (-A&—C&-B) A, R.

3-9. If ‘v’ occurs in a sentence, it must occur with two disjuncts, in the
form Xv¥. That is, XvY is either the whole sentence, or it is some
subsentence. By the law of double negation XvY is logically equivalent to
—(Xv¥), which by DeMorgan’s law is equivalent to -(-X&-Y). So by the law of
substitution of logical equivalents we can substitute -(-X&-Y) for XvY in the
original sentence. We now repeat this procedure far all ocurrences of ‘v’
util all these occurences are eliminated.

To eliminate all occurences of ‘&’ fram a sentence we proceed in the
samemye)weptthatweusethe logical equivalences:

X&Y

—(X&Y) DN

-(~Xv-Y) M
3-10. For any sentences, X and Y, X*X is logically equivalent to -X, and X*Y
is logically equivalen to -(X&Y). So (X*Y)®(X*Y) is logically egivlalent to
X&Y. Since we know that any truth function can be expressed with ‘&’ and

-/, and since we can express these with ‘*’/, we can express any truth
function with ‘#/, i.e., ‘*’ is expressively camplete.

3-11. The truth function given by the logical truth ‘Av-A’ cannot be
expressed using ‘&’ as the only comnective. For suppose we had some big,
long conjunction of conjunction of....conjunctions. At the ocutermost level
this sentence will have the form X&Y, where X ard Y may themselves be
conjunctions. X&Y can be made false if we make X false. Now, Y is either
an atamic sentence letter, in which case we can make it false, thereby
making X&Y false. Or Y is a conjunction, X’/&Y’. We can make the comjunction
false just by making Y’ false. Y’ is either an atamic sentence letter which
we can make false, or ¥/ is in turn a conjunction. We contimue in this way,
and sooner or later we get down to an atamic sentence letter. By making
this bottam level sentence letter false, we make everything on up false.
Thus there is a case for which X&Y is false, so that X&Y carmnot be a logical
truth.

For showing the expressive incampleteness of ‘v’/ we proceed in the same
way, to show that no disjunction of disjunction of...disjunctions can be a
contradiction. At the bottom level, if we make one of the atamic sentence
letters true, we make everything on up true.

‘-’ cannot express any truth function using two atamic sentence letters
as argquments because ‘-’ applies only to one camponent sentence.

10

4-1.

a)

b)

c)

qd)

e)

. a)

b)

c)

qd)

Mt FFhr > Fh e

[ Y Xada gt

ANSWERS TO EXERCISES IN VOIUME I, CHAPTER 4

All people die scmeday.
I am a person.

I will die sameday.

(This argument is
not saund because
the first premise
is not true.)

All Republicans are conservative.

Reagan is a Republican.

Reagan is conservative.

All Republicans are bald.
Reagan is a Republican.

Reagan is bald.

All ice cream is sweet.
This cockie is sweet.

This cockie is (made of) ice cream.

Anyone who loves logic is bald.
Robert Redford is bald.

Robert Redford loves logic.

B ASB -(A&B) -A -B

t t f f f Since there is a counterexample
f £ t ft the argument is INVALID.

t f t t £f*CE

ff t t t=*

B -A -AvB

t £ t=* Since there are no counterexamples
f£f £ the argument is VALID.

tt t

ft t

B -B AVB -BvA

t £t t* Since there are no counterexamples,
ftt t* the argument is VALID.

t £t f

ftf t

B -A AvB -AVB

t £ t t* Since there is a counterexample,
f ft f the argument is INVALID.

ttt t* CE

ftf t

nm’



€) ABC -C ASB ASC Bv-C (B&B)V(A&=C)
ttt £ t £ t t*
ttf t t ot t t*
tft £ £ f £ £
tff t £ t t t*
ftt £ £ £ t £
ftft £ f t £
fft £ £ £ £ £
fff t £ £ t £

Since there are no counterexamples, the argument is VALID.

4-3, First, suppose that X is logically equivalent to Y. That means that in
all possible cases X and Y have the same truth value. In particular, in all
cases in vhich X is true Y is true also, which is to say that the argument
X/Y is valid. Similarly, in all possible cases in which Y is true X is true
also, which is to say that the argument ¥/X is valid.

Nws:pposethattheargumentX/YarﬂY/Xareboﬂmvalid. We have to
show that on this assuption X and Y have the same truth value in all possible
cases. Well, suppose they don’t. That is, suppose there is a possible case
in which X is true and Y is false or a possible case in which Y is true and
X is false. A possible case of the first kind would be a counterexample to
the argument X/Y, and a possible case of the second kind would be a
counterexagple to the argument Y/X. However, we are supposing that these
two arguments are valid. So there can’t be any such possible cases ard X
and Y have the same truth value in all possible cases.

4-4, Formation Rules:

i) Every capital letter ‘A’, ‘B’, ‘C’ ... is a sentence of sentence
logic. Such a sentence is called an Atamic Sentence or a Sentence
Letter.

ii) If X is a sentence of sentence logic, so is (-X), that is, the
sentence formed by taking X, writing a ‘-’ in front of it, amd
surrounding the whole by parentheses. Such a sentence is called a
Negated Sentence.

ni)If X, ¥,...,Z are sentences of sentence logic, so is (X&Y&...&2Z),
that is the sentence formed by writing all of the sentences
X,Y,...,2 separated by ‘&’s and surrounding the whole with

. Sm:hasenteu:els@lledacm]wtim and the
sentences X, Y,...Z are called its Conjuncts.

iv) If X, ¥,...,Z2 are sentences of sentence logic, so is (Xv¥v...vZ),
that is the sentence formed by writing all of the sentences
X,Y,...,Z separated by ‘v’s and surrounding the whole with
parentheses. Stx:hasenta\celscalledablsjmmctlm,andthe
sentences X, Y,...Z are called its Disjuncts.

v) If X and Y are sentences of sentence logic, so is (X -> ¥Y), that is
the sentence formed by writing X, followed by ‘->/, followed by Y
and swrrounding the whole with parentheses. Such a sentence is
called a Corditional. X is called the coditional’s Antecedent and
Y its Consequent.

vi) If X and Y are sentences of sentence logic, so is (X <=> Y), that
is the sentence formed by writing X, followed by ‘<=>’, followed by
Y and surrounding the whole with parentheses. Such a sentence is
called a Biconditional. X and Y are called the bicomditianal’s
Conponents.,
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vii) Only those expressons formed using rules (i)-(vi) are sentences of
sentence logic.

Rules of Valuation:

i) The truth value of a negated sentence is ‘t’/ if the camponent (the
sentence which has been negated) is ‘f’. The truth value of a
negated sentence is ‘f’ if the truth value of the camponent is ‘t’.

ii) The truth value of a canjunction is ‘t’ if all conjuncts have truth
value ‘t’. Otherwise the truth value of the conjunction is ‘f’.

iii)The truth value of a disjunction is ‘t’ if at least one of the
disjuncts have truth value ‘t’. Otherwise the truth value of the
disjunction is ‘f’.

iv) The truth value of a conditional is ‘f’ if its antecedent is true
and its consequent is false. Otherwise the truth value of the
conditional is ‘t’.

v) The truth value of a biconditional is ‘t’ if both campenents have
the same truth value. Otherwise the truth value of the
bicorditional is ‘f’.

4-5.
a) A B A->B
tt t*
tf £ Since there is a counterexample,
ft t*xCE the arqument is INVALID.
£ff t
b) AB -B A->B -A
tt £f b
tf tt £ Since there are no counterexamples,
ft £t t* the argument is VALID.
ff tt t
c) A B -B A<—>B Av-B
tt £ ¢t t*
tf t £ t Since there is a counterexample,
ft £ £ f the argument is INVALID.
ff t t t* CE
d) A B -B A<->-B Av-B AvB
tt £ £ t t
tf t ¢t t t* Since there are no counterexamples,
ft £ t b t the argument is VALID.
£f£f t £ t b
e) A B C AvB A&C CvA (AVB)—>(As&C) —C
ttt t t ¢t t f * CE
ttf t £ ¢t b t
tft t t ¢t t f *CE Since there are counter-
tff t £ ¢t £ t examples to the argument,
ftt t £ ¢t b b the argument is INVALID.
ftf t £ £ b t
fft £ £ t t f*xCE
£f£ff £ £ f£ t t

13 o~



f) A B C -B -C AVB Av—=C (AvVB)<->(Av-C) -BvC AvC
ttt £ £ t ¢t t t t+*
ttf £t t ¢t t f t
tft t £t ¢t t t t+* Since there are no
tff t t t ¢t t t t+* counterexamples to the
ftt £ £ ¢t f f t t argunent, the argument
ftf £ £t t ¢t t f £ is VALID.
fft t £ £ f t t t*
fff t t £ t f t £

4-6.

a) (A->B) <=>(-B->-3)
(A->B)<-=>(A->B) CP, SLE

This is a logical truth, since A->B is logically equivalent to itself, and ¢
biconditional is a 1ogica1 truth if its camponents are lqgically equlvalent

b) (A<->-R) =>( B<->B)
- (A<=>-A)v(B<->B) C

But ‘B<->B’ is a logical truth (as in problem a), and a disjunction with a
logical truth as a disjunct is a logical truth. So the original sentence is
a logical truth.

c) A<->-A
(A->-A)&(-A—>A) B
(-Av-A)&(—AVA) C
-AS&A DN, R, SIE

-ASA is a contradiction. So A<—>-A is a contradiction.

d) A—>-B .
-Av-B C (neither a logical truth nor a contradicition.)

e) (A->B)v(A->-B)
-AvBv-Av-B C, A, SIE
-Av (Bv-B) R, A, SLE

A disjunction with a logically true disjunct is logically true (exercise
3-4). So this is a logical truth.

f) -(AvVB)&(-A->B)
- (AVB)&(-A&-B) C, SIE
- (AVB) & (AVB) IM, DN, SIE

This is a conjunction of a sentence with it’s negation and so is
a contrxadiction.

q) (A<->A)->(B<~>-B): Problem (c) shows that the consequent is a
contradiction. Since ‘A’ is logically equivalent to itself, the antecedent
is a logical truth. Since the antecedent is always true and the consequent
is always false, this is a contradiction.

14

h) [=(B~>A) & (C—>A) ]->(C->B)
-[-(B—>A) &(C->A) Jv(C->B) C

(B->A) v~ (C->A) v (C->B) M, SIE
(~BVA) v (C&k=-A) v (~CVB) c, SIE
(-BvA) v (=CVB) v (C&-R) A, SIE

(~BvB) v (Av—C) v (C&-A) ™M, A, SIE

This is a logical truth because one of its disjuncts is a logical truth.

i) [A=>(B=>C) ]=>[ (A=>B) =>(A->C) ]
- (-AV-BvC) V[~ (-AVB) V-AVC]
(A&B&—C) vV (A&—B) v-AvC
[CV(AEB&—C) ]V[-AV (A&-B) ] ,
{ [CV(A&B) 1&(CV-C) }v [ (-AVA)&(-Av-B)] D, SIE
[CV(A&B) Jv-Av-B LIC, A, SIE
Cv[ (A&B) v-(AvB) ] M, A, SIE

oD, A, SIE
M, IN, A, SIE

This is a logical truth because one of its disjuncts is a logical truth.

4-7.

a) ‘You will sleep too late unless you set your alarm.’ This sentence makes
a causal claim, to the effect that setting your alarm will keep you from
sleeping too late. Whether or not the causal connection holds is a matter
above and beyond the truth value of the campenents, ‘You will sleep too
late,’ and ‘You set your alarm.’

b) ‘Argument 4-5.a) is valid unless it has a counterexample’. Since, by
definition, an argument is valid if and only if it has no counterexamples,
only the truth value of the campenents is relevant to the truth value of this
example.

c) i) ‘You won’t get an A in this course unless you study hard.’ This
transcribes as ‘Sv-A’, (S: You study hard. A: You get an A in this course.)
ii) The critically ill patient will die unless the doctors operate.

This transcribes as ‘-0->D’ (0: The doctors cperate. D: The critically ill
patient will die.)

iii) ‘You may drive through the intersection unless there is a red
light.’ D<->-R (D: You may drive through the intersection. R: There is a
red light.)

These examples, and the whole business of transcribing ‘unless’ require
same cament. First, most logic texts will tell you to transcirbe ‘unless’
as a conditional or a disjunction. By the law of the conditional, these two
approaches are interchangeble, sametimes the ane being more natural,
sametimes the other. Few even mention the possibility of transcribing
with the bicorditional. I, in a minority, think that in most cases the
bicorditional supplies a more faithful transcription.

Notice that there is a strong parallel between the difference in
transcribing ‘unless’ with a comditional versus a biconditional and the
difference in transcribing ‘or’ as inclusive versus exculsive disjunction.
The parellel becames more striking when you note that ‘X<->-Y’ expresses the
exclusive disjunction of X and Y. Thus transcribing X unless Y as -Y->X,
equivalently as Xvy, to transcribing ‘unless’ as inclusive ‘or’;
while transcribing it as X<->-Y con:wpcmds to transcribing ‘unless’ as
exclusive ‘or’.

.
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The whole issue is really very unclear, and the reason is that in almost

all usages, ‘unless’ is not truth functional. Thus, like a great many uses
of ‘If...then...’, transciptions into logic are faulty and inaccurate at
best.

4-8.

a) D—>-A

b) D>A

c) A->-E

d) E—>-B

e) A<->D

f) B->E (Possibly ‘B<->E’ is a correct transcription)
g) C->A (Possibly ‘C<->A’ is a correct transcription)
h) ~-AvB (Possibly ‘A<->B’. ‘Unless’ is tough!)

i) cv-E (Possibly ‘C<->E’)

j) B->(A->D)

k) -B->A (Or, equivalently, ‘-B->[(D->A)&(-D->A))’)
1) (B&A)<—>C .

m) (CSE)->B

4-9, The following words can be used in various ways to build up non-truth

functional camectives in English. For example, ‘believes’, when combined
with a person’s name makes such a comnective: ‘Jahn believes that...’.
‘ought’ is the crucial word in the camective ‘It ought to be the case
that...’ and so on.

i) ‘makes’, ‘causes’, ‘because’, ‘brings about’ ‘induces’, ‘since’,
‘means’, ‘indicates’.

ii) ‘must’, ‘possible’, ‘probable’, ‘more probable (likely) than’,
‘axght’, \myl.

iii) ‘beliewve’, ‘hope’, ‘want’, ‘wish’, ‘fear’, ‘expect’, ‘like’,
AY ’ 143 ’

’ .

iv) ‘befare’, ‘socner than’, ‘after’, ‘later than’, ‘at the same time
as’, ‘since’.

There are, of course, many, many other such connectives in English!

16

5-1. a)
1 |-P>-D P
2 |-D>-F P
3 _—P P
4 |-D 1,3,>E *
5 |-F 2,4,>E
5-1. b)
1 |~c-D P
2 |=C P

I
3 |-D 1,2,>E
4 |-DvE 3,vI
5-1. ¢©)
1 |-G P
2 |-F P
3 |GvK P

I
4 |G 1,2,vE
5 |K 3,4,VE
5-1. d)
1 |AB P
2 J|A P
3 |B=C P
4 |(CvD P

1
5 IB 1,2,>E
6 |—C 3,5,5E
7 |D 4,6,VE
8 |DvE 7,V
5-1. e)
1 |Iv-M P
2 [-L P
3 |MvD P
4 |D>H P

I
5 |M 1,2,vE
6 D 3,5,vE
7 |H 4,6,>E
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ANSWERS FOR EXERCISES IN VOLUME I, CHAPTER 5

5-1. £f)
1 |C P
2 |C(hHvA) P
3 |-H P

1
4 |HVA 1,2,>E
5 |A 3,4,VE
6 |Av-K 5,v1
5-1. qg)
1 | (Rv-D)>F P
2 lK P

b
3 |Kv-D 2,vl
4 |F 1,3,>E
5 |FVvD 4,vI
5-1. h)
1 |D P
2 | (DvB)>-G P
3 |(-Gv-H)>(GWQ) P

1
4 |DvB 1,vi
5 |-G 2,4,>E
6 |-Gv-H 5,V
7 |evwQ 3,6,>E
8 Q 5,7,VE
9 |Qv-A 8,V
5-1. i)
1 | (Mv-T)>(avT) P
2 j-A P
3 |BWM P
4 |-A>-B P

I
5 |-B 2,4,>E
6 |M 3,5,VE
7 iMv-T 6,V.
8 |AwI 1,7,>E
9 (J 2,8,VE
10 |JvD 9,V
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D> (AVF)
D—F
-A
D
H<—>J

H<=>K

5-4. 0)
5-4. D)

1

1,2,>E

1,©E
2,3,5E
3,-E

A<—>-B
-B
-B>A
A

—A
-A
K-B
B&F

<

5-4. 1)

5-4. 3)
1
3
4
5-4. k)
1
2
3
4
1
2

2,-E
1,3,5E

A-D
—A
=D
&D
&>-D

A

54, e)

5-4. d)
3
4

-A>B
-A>—B

|ASB

5-3. f£)
5-3. q)
1
2

0890

LI T
AN

| 255>

MLInDOS

|A<=>-B

|-B>A

1
2
54. q)

3,4,5E
2,R
3,6,>E
3-7,-1
8,-E

|=A

waadda

-P

|PvQ
Q
-Q
-(PvQ)

5~4. n)
1

-P

-Q

5-4. m)
|

1
2

L 0ON

1,2,&I
P

| Ms: (Rv-H)

5-4. h)
| Ak (B&C)

M
Rv-H

1
2
3

1,5E

| cs&=H

1
3
2
3
P

e
PLEER

-~ - =~
HeEnmaNn

5-4. b)
1
2

[ 05K &(>1)

1,2,01

jo<=>-C

D
D>—-C

5-4. i)
1

2
3

2,-E
1,3,VE

-D
B&A

J
A

5-4. c)

3
4
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5-5.

X
Y
ANSWERS TO EXERCISES IN VOIIME I, CHAPTER 6
@ & @ <E @ & &1 6-1. a) 6-1. d)
1 |kv-I P 1 |-F6 P
hd 2 |&-E P
2 ~K&I A I
x] [z] Avyve i 3 | |[E A
X 3 Kv-1 1,R 1
4 K 2,88 4 e A
vl vl vl VvE 5 -I 3,4,VE b3
6 I 2,&E 5 G-E 2,R
7 |-(-RsI) 2-6,~1 6 -E 4,5,5E
7 E 3,R
Xv¥vz Xvyvz 8 -G 4-7,-1
4 -2 9 |-F A
. 6-1. b) b d
CEENCE i
1 |-CA P 11 G 9,10,>E
2 |Bp-A P 12 -G 8,R
3 |B P 13 —F 9-12,-1
5-6., For most valid arguments, same truth assigmments to the sentence I 14 F 13,-E
letters which make one or more premise false will make the conclusion true 4 |-A 2,3,5E 15 |BF 3-14,>T
and same such assigmments will make the conclusion false. For example, 5 |-c A
the argument, "A, A->B. Therefore B." is valid. Making A true and B i
false makes ane premise, ‘A->B’,and the conclusions, ‘B’ false. Making 6 -CA 1,R
‘A’ false and ‘B’ true makes one premise, ‘A’ false and the conclusion ‘B’ 7 A 5,6,>E
true. Same valid arguments do not have so mich freedcm. "“B. Therefore 8 -A 4,R
B." is valid. Obviously in this example the premise and conclusion always 9 |—C 5-8,-1
have the same truth value. "B. Therefore Av-A." is also valid. In this 10 |C 9,-E 6-1. e)
case the conclusion is a logical truth and so always true. But these are
special cases. In general, anything can happen, depending on the details 1 |ac—>-B P
of the case. b ’
6-1. c) 2 [-a A
I
1 |-D>-K P 3 A<->-B 1,R
2 |K P 4 -BA 3,<E
3 |[-KH P 5 |-B A
1 I
4 |H 2,3,VE 6 -BA 4,R
5 | |-D a 7 A 5,6,>E
b 8 -A 2,R
6 -D>-K 1,R 9 —B 5-8,-1
7 -K 5,6,>E 10 B 9,-E
8 K 2,R 11 |-A>B 2-10,>I
9 --D 5-8,-1
10 |D 9,-E
11 [H&D 4,10,&I
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6-3. k)
1 |-(S&T) P
2 P

T
3 |-s A

T
4 SvT 2,R
5 T 3,4,VE
6 |-ST 3-5,>1
7 IT A

I
8 Is A

b

9 T 7,R
10 S&T 8,9,&I
11 ~(S&T) 1,R
12 | |-8 8-11,-1
J3 |T>-8 7-12,>I
14 |-8<->T 6,13,<1
6-3. 1)
1 |-C>(avB) P
2 |-D>(cv-B) P
3 |-(cvD) P

]
4 le A

T
5 oD 4,v1
6 -(CvD) 3,R
7 4~6,-1
8 |avB 1,7,>E
9 iD A

1
10 | |ovD 9,vI
11 | |-(cvD) 3,R
12 |-D 9-11,-I
13 [cv-B 2,12,>E
14 |(AVB)&(cv-B)  8,13,&1
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6-3. m)
1 |G<=>-H P
I
2 |e-H 1,<E
3 |-G 1,<E
4 |-G A
b
5 i A
b
6 -G 3,R
7 G 5,6,>E
8 - 4,R
9 —H 5-8,~1
0| |H 9,-E
1 |-&H 4-10,>I
12 | |H A
I
13 e A
I
14 &-H 2,R
15 ~H 13,14,>E
16 H 12,R
17 | |G 13-16,-1
18 |G 12-17,>I
19 |-G<=>H 11,18, o1
6-3. n)
1 [P<=>Q P
I
2 [ P<>—Q A
1t
3 ip A
B
4 P<->Q 1,R
5 PQ 4,E
6 Q 3,5,>E
7 P<->—Q 2,R
8 P—Q 7,<E
9 -0 3,8,5E
10 | |-P 3-9,~I
1| |- 2,<oE
12 |- A
I
13 P 11,R
14 P 12,13,>E
15 ~P 10,R
16 | |—Q 12-15,-1
17 | |Q 16,-E
18 | |P<~>Q 1,R
19 | |@P 18, <E
20| |P 17,19,>E
21 |-(P<~>—Q) 2-20,~I

6-3. 0)
1 | @es)a(eD) P
2 | (svD)>{ [F>(FVK) ]>(NLG) } P
I
3 |ws 1,&E
4 |eD 1,8E
5 IN A
6 NS 3,R
7 s 5,6,5E
8 svD 7,v1
9 (svD)>((F>(FvK))>(N&G))  2,R
10 | [ (F>(FVK))>(N&G) 8,9,>E
1 F A
12 | FVK 11,vI
13 | (F>(FVK) 11-12,>1
14 | [nsG 10,13,>E
15| |6 14,&E
16 NG 5-15,>T
17 | |6 A
—
18 | |&D 4,R
19 |D 17,18,>E
20 | |svD 19,vI
21 | | (svD)>((F>(FVK))>(N&G)) 2,R
22 (F> (FVK) ) > (N&G) 20,21,>E
23 F__ A
24 | FVK 23,vI
25 | [F>(FVK) 23-24,>1
26 | |N&G 22,25,>E
27 | N 26,&E
28 |®N 17-27,>1
29 |N<=>G - 16,28, <I

6-3. p)
1 |(S&B)>K P
2 | (G>P)&(GVP) P
3 |-B<—>(-P5G) P
]
4 | |s
1
5 |-B A
1T
6 -B<->(-P&G) 3,R
7 -B>(~P&G) 6,<E
8 -P&G 5,7,>E
9 -P 8,&E
10 G 8,&E
11 (P)&(GVP) 2,R
12 &P 11,&E
13 P 10,12,>E
14 —B 5-13,-1
15 B 14,-E
16 S&B 4,15,&1
17 (S&B)>K 1,R
18 K 16,17,>E
19 |S>K 4-18,>1



1 |ovB P
2 |-(c&B) P
3 |-(=c&B) P
4 |- A

I
5 cvB 1,R
6 B 4,5,vE
7 -C&B 4,6,&T
8 -(-CkB) 3,R
9 4-8,-I
10 |c 9,~E
11 | |=(Bv=C) A
12 IB a

I
13 Bv-C 12,vI
14 - (Bv—C) 11,R
15 | |-B 12-14,-I
16 |e A

1
17 Bv-C 16,vI
18 -(Bv=C) 11,R
19 | {—C 16-18,-1
20 | |c 19,-E
21 | |c&-B 15,20, &1
22 | |-(C&B) 2,R
23 [—(Bv) 11-22,-1
24 |Bv=C 23,-E
25 |c&(Bv—C) 10,24,&1
6-4.

Xy X|Y

28

6-3. 1)
1 | (DK P
2 | (kaM)>P P
3 [D-m>P) P
I
4 | |H a
b
5 |p a
T
6 |T A
T
7 -M>P) 3,R
8 -(M>P) 6,7,5E
9 H 4,R
10 D 5,R
1 B (>K) 1,R
12 DK 9,11,>E
13 K 10,12,>E
4 M A
I
15 K 13,R
16 KsM 14,15,81
17 (KeM)>P 2,R
18 P 16,17,>E
19 M>P 14-18,>I
20 -I 6-19,~I
21 | |p>-I 5-20,>I
22 [K>(D>-T) 4-21,>1

=X
=Y

7-1. a)
1 |AvB P
I
2 |a A
T
3 |BvA 2,vI
4 |B A
b
5 jBvA 4,vI
6 |BvA 1,2-3,4-5,AC
7-1. b)
1 |Av(BvC) P
I
2 |a a
f
3 AVB 2,vI
4 (AVB)vC 3,vI
5 |BvC A
b
6 B A
T
7 AVB 6,vI
8 (AvB)vC 7,vl
9 e A
T
10 | (avB)vC 9,vI
11 (AVB)vC 5,6-8,9-10,AC
12 | (avB)vC 1,2~4,5-11,AC
7-1. <)
1 | (AVB)&(B>C) P
b
2 |avB 1,&E
3 |BC 1,&E
4 A A
b
5 |Aave 4,v1
6 IB A
7 BC 3,R
8 c 6,7,5E
9 AvC 8,V
10 |AvC 2,4-5,6-9,AC

ANSWERS TO EXERCISES IN VOIIME I, CHAPTER 7

7-1. 4d)
1 | (ASB)V(A4C) P
I

2 |AsB A

I
3 a 2,&E
4 B 2,8E
S5 BvC 4,v1
6 A& (BVC) 3,5,&I
7 |asc a

=
8 A 7,8E
9 c 7,88
10 | [BC 9,vl
11 | |A&(BvC) 8,10,&I
12 |A&(BvC) 1,2-6,7-11,AC
7-1. e)
1 |A&(BvC) P

I

2 |a 1,&E
3 |BvC 1,&E
4 |B A

1
5 A 2,R
6 AsB 4,5,8I
7 (A&B)V(ASC) 6,VI
8 (c A

b
9 A 2,R
10 | |asc 8,9,&I
1 (ARB)V(A&C) 10,VI
12 | (A&B)V(A&C) 3,4~7,8-11,AC




7-1. £f)
1 |av(BsC) P
—
2 |a A
b
3 AVB 2,vI
4 AVC 2,vl
5 (AVB)&(AVC)  3,4,&I
6 | B&C A
b
7 B 6,&E
8 o] 6,&E
9 AVB 7,vI
10 AvC 8,vl
11 (AVB)&(AVC) © 9,10,&I
12 | (AVB) &(AvC) 1,2-5,6-11,AC
7-1. g)
1 | (avB)&(AVC) P
I
2 |ave 1,5E
3 |avc 1,8E
4 |a A
I
5 | AV (BSC) 4,vI
6 iB A
T
7 AVC 3,R
8 1A A
b §
9 | AV (B&C) 8,vI
10 lc A
b §
11 B 6,R
12 B&C 10,11,&I
13 Av(B&C) 12,vI
14 | |AV(B&C) 7,8-9,10-13,AC
15 |AV(B&C) 2,4-5,6-14,AC

7-1. h)
1 |RvL P
2 |K<=>L P
T

3 K A

1
4 K<->L 2,R
5 L 4,<E
6 L 3,5,5E
7 K&L 3,6,&I
8 L A

T
9 R<->L 2,R
10 | K 9,<E
T )4 8,10,>E
12 | |R&L 8,11,&I
13 |KaL 1,3-7,8-12,AC
7-1. 1)
1 [(DG)V(D>T) P

I

2 |G A

I
3 |D A

T

4 G 2,R
5 G 3,4,>E
6 GvI 5,V
7 D> (GvI) 3-6,>I
8 |>T A

T
9 D A

I

10 I 8,R
1n I 9,10,>E
12 GvI 11,vI
13 | |D>(GvI) 9-12,>T
14 |D>(GVI) 1,2~7,8-13,AC

30

1 |- P
2 D P
I
3 |=< A
I
4 |ave A
T
5 - 3,R
6 A 4,5,vE
7 D 2,R
8 D 6,7,5E
9 KvwD 8,V
10 (AVC)>(KvD)  4-9,>I
1| K A
X
12 |Aave A
b
13 K 11,R
214 RvD 13,vI
15 | |(Aave)>(rvD)  12-14,>I
16 | (AVC)>(KvD) 1,3-10,11-15,AC

7-1. k)
1 |-HwM P
2 |—M>—c P
T
3 {Bve A
4 |H A
T
5 -HvM 1,R
6 |-H A
T
7 |H 4,R
8 —H 6-7,-1
9 M 5,8,VE
10 le A
b
1 | M A
I
12 - 2,R
13 - 11,12,>E
14 c 10,R
15 - 11-14,-1
16 M 15,-E
17 § |M 3,4-9,10-16,AC
18 | (BVC)>M 3-17,>I

7-1. 1)
1 |(S&N)V(-5&~T) P
I
2 |s&T A
I

3 Is A

I
4 S&J 2,R
5 J 4,5E
6 SXJ 3-5,>I
7 I3 A

I
8 S&J 2,R
9 s 8,&E
10 | |8 7-9,>I
11 | [s<=>3 6,10,<o1
12 | |-S&T A

f

13 s A

b4
14 |~ A

T

15 ~S&=J 12,R
16 -S 15,&E
17 s 13,R
18 —J 14-17,-I
19 J 18,-E
20 | |s>0 13-19,>I
21 ¥ A

f
22 |-s A

I

23 -S&~J 12,R
24 -J 23,&E
25 J 21,R
26 —s 22-25,-1
27 s 26,~E
28 | (o> 21-27,>1
29 | |S<=>J 20,28,<1
30 |S<=>J 1,2-11,12-29,AC

31



7-1. m)
1 R (FvC) P
2 |3>(cvp) P
3 |- P
4 {=(FvD) A
5 IR A
T

6 LS A

T
7 E(FYC) 1,R
8 FvC 6,7,5E
9 - 3,R
10 F 8,9,VE
n FVD 10,vI
12 |7 A

I
13 J>(cvD) 2,R
14 ovD 12,13,5E
15 1= 3,R
16 D 14,15,vE
17 FVD 16,vI
18 WD  5,6~11,12-17,AC
19 -(FvD) 4,R
20 | |-(raD) 5-19,-I
21 |~(FVD)>-(RWJ) 4-20,>I

1 |xwy P
2 |=x P
I

3 Ix A

T
4 |=¥ A

b
5 X 3,;R

6 X 2,R
7 -—Y 4-6,-1
8 Y 7,-E
9 )4 A

b
0| ]y 9,R
1y 1,3-8,9-10,AC

7-3. a) <=>I

1 Ix A -

I
2 |Y

Input for derived rule

3 ¥ A

1
4 Ix -
5 |Y 1,2,>1
6 |vx 3,451
7 |X<=>Y 5,6,<1
7-3. b) <=E
1 [X<=>Y |Input for derived rule
2 (X -—
3 1Y 1,<E
4 |Y 2,3,>E
7-3. ¢) <=>E
1 |X<->Y |Input for derived rule
2 |Y _
3 DX 1,<E
4 X 2,3,5E
7-3. d) VE
1 [-Xv¥ |Iput for derived rule
2 X -_—
3 |-¥ A

1
4 XY 1,R
5 =X 3,4,VE
6 X 2,R
7 =X 3-6,-1
8 |Y 7,-E

33



7-3. e) VE

7-3. i) ™ 7-3.1) M
> _|Tnpat for derived rule 1 |-evy) gt for derived 1 |-xv-y
e
3 [-x A 2 lx A 2 lx&v
: T
T4 | ey 1,R 30 |3 24 1l lx
5 | [~ 3,4,VE 4 (xvy) L
s Y 2'R' 5 =X 2-4,-1 5 =Xv-Y
’ 6 =Y
7 |—x 36,1 6 ¥ A
8 |x 7,E H 7 |-(x8Y)
! 7 XY 6,vI
8 ~(XvY) 1,R
» 9 |-¥ 6-8,~1 7-3. m) CP
3.0 e 10 |-X&-Y 5,9,&I
1 |ov |Input for derived rule 73.3) 1|0
2 |-y - 2 | |
3 | I1x A H
¥ 1 |-X&Y Input for 3 |x
derived rule I
: ¥ LR 2 |%vY A 4 Y
5 Y 3,4,5E $ 5 1
g _x'y g;‘; I 3 X&-Y 1,R 6 -y
! 4 -X 3,&E 7 =X
5 Y 2,4,VE 8 |-v=x
. 6 -Y 3,&E
3.9 ¢ 7 |-(v) 2-6,-1
_ 7-3.n) CP
1 XY |Irput for derived rule 73. k) ™
2 ¥ - 1 [-ov
3 |Ix A 1 (~(xsv) Input for 2 ||«
derived rule b o
s | |5 - 2 | |=axven A S A
1'%y I
3 _xy g 12 I 3 —X&—Y 2,M 4 XY
' 4 —X 3,88 5 Y
5 —Y 3,&E 6 -Y
_ 6 X 4,-E 7 —X
7-3.h RO 7 Y 5,E 8 X
_ 8 X&Y 6,7,&I 9 |->X
1| |=x A 9 ;(xm) 21,;‘; I
. 10 |—(=Xv-Y, =
5 IY Input for derived rule 11 |-%v-¥ 10,-E
3 -y -
4 |—X 1-3,-1
5 |x 4,-E
34
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7-4. i)
1 |P>(DvM) P
b
2 |-Pv(DW) 1,C
3 |-P A
I
4 -PvD 3,vI
5 P>D 4,C
6 (P>D)v(P>M) 5,VI
7 |DvM A
I
8 D A
b
9 P>D 8,W
10 (P>Dyv(P>M) 9,VI
1 M A
b
12 M 1,W
13 (P>D)V(P>M) 12,VI
14 (P>D)v(P>M) 7,8-10,11-13,AC
15 | (P>D)V(P>M) 2,3-6,7-14,AC
7-4. 3)
1 |(G&M)>(-M&K) P
2 [®B-G P
I
3 [ A
I
4 |- A
T
5 G 3,R
6 G&M 4,5,8I
7 (G&-M)>(-M&K) 1,R
8 -MEK 6,7,>
9 K 8,&E
10 K—G 2,R
11 -G 9,10,>E
12 | M 4-11,RD
13 |M 3-12,>1

38

7-4. k)
1 |avB P
2 |-B<—>(cvD) P
3 [(D&E)V(D&(F>G)) P
T

4 |-a A

b 1
5 AVB 1,R
6 B 4,5,VE
7 ~B<—>(CVD) 2,R
8 (cvD)>-B 7,<E
9 -(cvD) 6,8,DC
10 | |~C&D 9,IM
nm|l|-o 10,&E
12 (D&E)v(D&(F>G))  3,R
13 | D&E A

b
14 |D 13,&E
15 | D&(F>G) A
b
16 |D 15,&E
17 | |D 12,13-14,15-16,AC
18 |A 4-17,RD
7-4. 1)
1 |s<=>J P
b

2 s> 1,<E
3 |I>s 1,<E
4 |-5w3 2,Cc
5 |-Jvs 3,C
6 | |-s A

I
7 -Jvs 5,R
8 ~J 6,7,VE
9 -S&=J 6,8,&I
10 (S&T)v(-5&-J) 9,vI
ni|lis A

f
12 | |-Ivs 5,R
13| |Is 11,12,VE
14 | |saT 11,13,&1
15 (S&T)v(-5&-J) 14,VI
16 | (S&JT)v(-5&TJ) 4,6-10,11-15,AC

7-4. m)

1 |-C>(Fv-(DVN)) P
2 |D P
I
3 |-F A
I

4 |= A

1
5 -C>(Fv-(DVN)) 1,R
6 Fv-(DvN) 4,5,>]
7 -F 3,R
8 ~(DWN) 6,7,VE
9 -D&N 8,IM
10 -D 9,§E
11 -~ 9,&E
12 <D 2,R
13 D 11,12,>E
1| |c 4-13,RD
15 [-F>C 3-14,>T
7-4. n)
1 |(Gva)>(H>B) P
2 | (H>(H&B))>K P
3 le A

I

4 GVA 3,vI
5 (GVA)>(1>B) 1,R
6 BB 4,5,5E
7 |H A

I
8 H>B 6,R
9 B 7,8,5E
10 H&B 7,9,4T
1 | |H>(H&B) 7-10,>I
12 (B> (H&B))>K  2,R
13! |K 11,12,>E
14 &K 3-13,>I
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7-4. 0)
1 |F>(KvB) P
2 [(~FvG)&(-Gv-K) P
b4
3 |-FvG 2,8E
4 |-GvK 2,&E
5 |F A
I
6 F>(KvB) 1,R
7 KvB 5,6,>E
8 -G 3,R
9 G 5,8,VE
10 | |-GvK 4,R
11| |K 9,10,VE
12 | |B 7,11,VE
13 |P>B 5-12,>I
7-4. p)
1 |[Dv(a) P
2 [(M>(M&J))>(PVK) P
3 | (PD)&(K>F) P
I
4 |P>D 3,&E
5 |®F 3,&E
6 |D A
I
7 |DvF 6,v1
8 [>T A
T
9 M A
b
10 wJ 8,R
n J 9,10,>E
12 M&T 9,11,4T
13 | |M>MaT) 9-12,>I
14 (M>(M&T))>(PVK) 2,R
15 13,14 ,>E
16 |P A
I
17 P>D 4,R
18 D 16,17,>E
19 DvF 18,vI
20 x A
b
21 KF 5,R
22 F 20,21,>E
23 DvF 22,vI
24 | |DvF 15,16-19,20-23,AC
25 |DvF 1,6~7,8-24,AC



(4]

VWoONN

Q<—>= (A&F) P
~(MvA)>-H P
~(QSA)VF P
e A
T
|H A
b
~-Mva)>H 2,R
— (MVA) 5,6,DC
MVA 7,-E
Q 4,R
Q<—>~ (A&F) 1,R
~(A&F) 9,10,<E
~Av-F 11,DM
|-a A
T
MvA 8,R
M 13,14,VE
|-F A
b
-(QsA)VF  3,R
~(QsA)  16,17,VE
-Qv-A 18,IM
Q 9,R
-A 19,20,VE
MvA 8,R
M 21,22,vE
M 12,AC
M 5-24,>I
@ (M) 4-25,>1
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7-4. r)
1 |(I&-T)>P P
2 (=BT P
3 {-Ive P
4 |OD P
I
5 |-p A
I

6 T A

I
7 -P 5,R
8 (I&T)>P 1,R
9 -(I&-T) 7,8,DC
10 -Iv—T 9,IM
1 -7 6,10,VE
12 ~A>-T 2,R
13 —A 11,12,DC
14 A 13,-E
15 ~ve 3,R
16 c 11,15,vE
17 oD 4,R
18 D 16,17,>E
19 D&A 14,18,&1
20 | |I>(D&A) 6-19,>I
21 |-P>(I>(D&A)) §-20,>I
7-4. s)
1 |B>(NvM) P
2 |N>(CSK) P
3 [o@®P) P
4 |-(P&B) P

I
5 |B A
b

6 B> (NvM) 1,R
7 NwM 5,6,>E
8 [ A

I
9 NwM 7,R
10 N 8,9,VE
11 N> (C&K) 2,R
12 C&K 10,11,>E
13 c 12,&E
14 K 12,&E
15 C(K>P) 3,R
16 KP 13,15,>E
17 P 14,16,>E
18 B 5,R
19 P&B 17,18, &1
20 -(P&B) 4,R
21§ |M 8-20,RD
22 |BM §-21,>I

7-5. Suppose we have a derivation with X as its only premise and Y and -Y as

conclusions. Relabel X as an assumption, and make the whole derivation the
sub~derivation of a premiseless outer-derivation. The sub-derivation
licenses drawing -X as final conclusion of its outer-derivation by applying

RD. Thus any instance of the new test for camtradiction can be canverted to

an instance of the old test.

7-6. a)
1] |avB A

T
2 |-B A

b

3 AvB 1,R
4 A 2,3,VE
S | |-BA 2-4,>I
6 | (AVB)>(-B>3) 1-5,>I
7-6. b)
1| |-(Mv-(MaN)) A

I
2 | | M&—(MaN) 1,mM
3 - 2,4E
4 — (M&N) 2,4E
5 | [MaN 4,-E
6| M 5,&E
7 |Mv-(M&N) 1-6,RD
7-6. C)
1| |[D>(ON) A

I
2 |HsO A

I

3 H 2,5E
4 o 2,8E
5 B> (O>N) 1,R
6 >N 3,5,5E
7 N 4,6,5E
8 (H&O0) >N 2-7,5I
9 | (B> (O>N))>((HSO)>N) 1-8,>I

41
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7-6. d)
1| |>B A
T

2 |D>T A

I
3 iD A

b
4 T 2,R
5 T 3,4,5E
6 D>B 1,R
7 B 3,6,>E
8 B&T 5,7,&1
9 D> (B&T) 3-8,>I
10| |[(D>T)>(D>(B&T)) 2-9,>I
11| (D>B)>( (D>T) > (D> (B&T) ) )
7-6. e)
1| |®F A
I

2 | R&P A

T
3 K 2,&E
4 B©F 1,R
5 F 3,4,5E
6 | | (R&P)>F 2-5,>I
7 | |-F>—(X&P) 6,CP
8 | (OF)>(-F—(K&P)) 1-7,>I
7-6. f)
1 i(mp(psQ) A
2 |F A

I
3 FvG 2,vI
4 (FVG) > (P&Q) 1,R
5 P&Q 3,4,5E
6 Q 5,&E
7| PR 2-6,>I
8 | |~»>F 7,CP
‘9. | ((FVG)>(P&Q))>(-Q>~F)  1-8,>I

1-10,>I



7-6. g)
1| [L>@N) A
I

2 |I>M A

I
3 |L A

T
4 M 2,R
5 M 3,4,5E
6 L> (M>N) 1,R
7 MN 3,6,5E
8 N 5,7,5E
9 >N 3-8,>I
10| | (IL>M)>(L>N) 2-9,>I
11 (I>ON) ) > ((I>M)>(I>N))  1-10,>I
7-6. h)
1| |(SVT)>F A
b
2 | (FvG) >H A
3 |s A
b
4 SvT 3,vI
5 (SVT)>F 1,R
6 F 4,5,5E
7 VG 6,vI
8 (FVG)>H 2,R
9 H 7,8,5E
10 S>H 3-9,>I
11| |((FvG)>H)>(S>H) 2-10,>I
12{ ((SVT)>F) > (((FvG) >H) >(S>H) )
1-11,>I

7-6. i)
1

]I:‘((IH)V((J&K)V-(K&I))) A

-(I&J)
=((J&K)v-(K&I))
~(J&K) &— (K&I)
— (K&T)

(T&-J) v ( (J&K)v-(K&I) )

= (I&~J) &= ((J&K)v-(K&I)

1,M

-~ 0w w o

-

EoREEnEREEER

-

el
bughe
g% &
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7-6. Jj)

1

}‘(((C&(AVD))V-(C&F))V-(M-G)) A

2 | |-((c&(AVD) )v-(C&F) ) &— (A&=G)

| 1,IM

3 | |-((C&(AVD))v—(C&F)) 2,&E

4 | |-—(2s&G) 2,8E

5 | |AG 4,E

6| 1A 5,&E

7 | |-(C&(AVD) ) &— (C&F) 3,IM

8 | |-(ca(avD)) 7,&E

9 | |—(C&F) 7,8E

10{ [C&F 9,-E

11} |c 10,&E

12| [-cv-(avD) 8,IM

13| [-(aAvVD) 11,12,vE

14| |AVD 6,VI

15} ((C& (AVD) ) v—~C&F) ) v~ (A&=G)
1-15,RD

7-7. a)

1 |asA P

b

2 |a 1,4E

3 |Aa 1,5

7-7. b)

1 |(Bv-B)&((-B>H)&H) P

I

2 |Brv-B 1,&E

3 |(-BH)&H 1,5E

4 |-BH 3,8E

5 [|-H 3,4

6 |B 4,5,0C

7 |H 2,6,VE

7-7. c©)

1 i((H&F)>C)&-(H>(F>C)) P

2 | (H&F)>C 1,5

3 |=(B>(F>C)) 1,&E

4 |H&~(F>C) 3,C

5 |H 4,&E

6 |-(FPC) 4,4E

7 |Fa-C 6,C

8 |F 7,8E

9 |-C 7,4E

10 [H&F 5,8,&I

11 |C 2,10,>E

7-7. @)

1 }(-(GVQ)&(IOG))&-(PV-K) |
2 |=(GvQ)&(K>G) 1,4E
3 |-(Pv-K) 1,8E
4 |-(GwW) 2,8E
5 |KG 2,&E
6 |-G&<Q 4,IM
7 |G 6,4E
8 |—K 5,7,D0C
9 |-P&—K 3,IM
10 |—K 9,&E
7-7. e)
1 | (K (D>P))&((-KVD)&=(K>P)) P
I

2 | (D>P) 1,&E
3 |(-KWD)&(K>P) 1,&E
4 |- 3,8E
5 |-(©P) 3,4
6 |K&-P 5,C
7 |K 6,8E
8 |-P 6,8E
9 |>P 2,7,5E
10 |p 4,7,VE
1 |p 9,10,>E
7-7. £)
1 &-(-(NV-R)>(N<->—R)) |
2  |=(Nv-R) & (N<—>-R) 1,C
3 |-(Nv-R) 2,&E
4 |-(N<->R) 2,&E
5 |N&—R 3,IM
6 |N 5,&E
7 |—R 5,&E
8 |R 7,-E
9 | N A

T
10 | |R 8,R
11 [->R 9-10,>I
12 (-BoN 11,CP
13 | |R A

I
14| | 6,R
15 |R>-N 13-14,>I
16 [m>-R 15,CP
17 |N<->-R 12,16,<>1

7-7. g)
1 |(FvG)<=>(-F&G) P
I

2 |-F&G A

I
3 (FvG)<->(~F&G) 1,R
4 VG 2,3,<E
5 - (FVG) 2,IM
6 |-(-F&G) 2-5,~1
7 |G A

T
8 (FVG)<->(-F&G) 1,R
9 -F&G 7,8,<E
10 | |-(FvG) 9,IM
11 |~(FvG) 7-10,-1
12 |-F&G 11,IM
7-7. h)
1 %(-(F\'G)V(P&Q))&-(-@-F)
2 |- (FVG)v(P&Q) 1,&E
3 |-(F) 1,5E
4 (Q&—F 3,C
5 | 4,4E
6 |—F 4,8E
7 |F 6,~E
8 |FvG 7,vI
9 |[PsQ 2,8,VE
10 |Q 9,&E




7-7. 1) 7-8. a) A sentence is a contradiction if and only if there is not an

assigmment of truth values to sentence letters which makes it true. Hence a
set of sentences is inconsistent if ard only if its conjunction is a -
contradiction. This characterization works only for finite sets of

1 :|[(A>D)&(((A&—B)V(A&-C))&((B&-D)V(B&C))) P

2 |aD 1,68 sentences, since there carmot uncti infini
3 | ((ASB)V(AE=C))&((B&D)V(BSC)) 1,6E entenes, Se® ke a conjunction of an infinite set of
4 [(A&B)V(ALC) 3,&E )
2 m:’g&c) 21% b) A finite set of sentences is shown to be inconsistent if there is a
! derivation which has the sentences in the set as premises and contradicting
7 |B&(-DvC) 5,08 canclusions
8 |a 6,&E )
9 [-Bv—C 6,8
10 |B 7,&E
1 |-Dve 7,&E c1)
12 |- 9,10,VE "
13 |-D 11,12,VE 21, g:_fc 11: )
14 |D 2,8,>] T 1 |avK P
17 ; : : : A 3 |c A 2 |-Jv-K P
ve cheated in this procblemusing the derived rule for the distributive 1 3 |J<=>K P
law (DS), which I did not introduce.You have really done the work of proving 4 C<->G 1.R f
the distrilutive law as a derived rule in problem 7-1d. 5 p 3,4:<>E 4 Ei A
6 G<->—C 2,R I
7-7. ) 7 - 5,6,<E 5 J<->K 3,R
8 |- 3-7,-1 6 -Jv-K 2,R
1 |[(A<->B)<->(-A<->B) P 26 | |a A ? i—c A Z I_(J §'§'V°EE
I I r°r
2 | |asB A 27 | |-av-B 24,R ig g< ¢ 9561;* N 48,50
s | 28 | |-Av—B 25,R 12 | |6 1,R 10 | |k A
2,8E 29 | [-B 26,27,VE 13 | |l 11,12, ©E I
4 B 2,88 30| |-B 26,28,VE u |c 9-13,RD 1 | |-JvK 2,R
5 B>A 3,W 31 |-A 26-30,-I ! 12| |- 10,11.VE
6 AB 4,W 32| |-B A 13 | o<k IR
7 A<->B 5,6,<1 I 14 J 10 i3 <E
8 (A<~>B)<->(-A<->B) 1,R 33| |A 31,R 2) 15 | {78=7 12 14 &I
9 -A<->B 7,8,<E 34 | |-B-A 33,W 16 |75 1.4-9 10-15,AC
10 |-a 4,9,<E 35 | |a>B 34,CP 1 |Fvr P 17 3 16, §E !
11 |-(AsB) 2-10,-I 36 | |-A-B 32,W 2 |(v)>(-Fe-m) P 18 |=7 16 &E
12 | |AB A 37 | |BA 36,CP T S
I 38 A<->B 35,37,<1 .
13 ] |a 12,8E 39 | |(A<->B)<—>(~A<->B) 1,R 2 _11:&"1‘ g, :é>E o)
14 | |-B 12,&E 40 | |-A<->B 38,39, ©E 5 |-r 3 : SE
15 | |a-B 14,W 41} |B 33,40, <E
16 | |B~A 15,Cp 42 |B 32-41,RD 6 IT 14,VE ; ﬁ;’ﬂ";ig §
17 | |-BA 13,W ~ 43 |->B 42,0 3 lcs-a P
18 | |->B 17,Cp 4 B2 31,W T
19 | |-A<—>B 16,18, <1 45 |-A<->B 43,44,01 PRTS 3 &E
20 | |(A<—>B)<—>(-A<->B) 1,R 46 [A<—>B 1,45,<E 5 |-a 3 sE
21 | |a<->B 19,20,<E 47 |a 42,46,<F s |ovk avI
22 | |B 13,21,<E 7 |a 1.6,5E
23 |-(a&-B) 12-22,-I : -
24 |-Av-B 11,IM
25 |-Av—B 23,IM
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ANSWERS TO EXERCISES IN VOIIME I, CHAPIER 8

c5)
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PPA_‘.33

8-1. a)

=N

M e
200
mmmmmam

S S
pa etmvoNAA

D<—>(-P&-M)

Pe=> (J&F)

-Fv-D
D&Y

D

J

-F
J&F
P
-P&M
~P

1

b
2
3
4
5
6
7
8
9
10
1

8-1. b)

TE

Pn_»lld.

SN

8-~1. c)

PPan.A.A.
Trevd
AP nan
Hh XS
>od>dok
ALk
...**‘..

* —(Fv P)
* ~(-F v -P)
-F
-P
* —F

8-1. d)

SHNO DO~
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8-2. Since a conjunction, X&Y, is true whenever both X and Y are true, when
we have a conjunction an a tree, both conjuncts should be written on
branch directly below the conjunction:

X&Y

X

Y
For a negated canjunction, -(X&Y), we first use DeMorgan’s Law to get -Xv-Y.
Then, we simply use the rule for disjunctions.

Similarly, to get the rule for caditionals, X~>Y, we use the Conditional
Law to get -Xv¥, and then use the rule for disjunctions. Again, for negated
corditionals, -(X->Y), we use the Conditional Iaw to get X&Y, and then the
rule for conjunctions.

Bicorditionals are a bit more tricky. First, we consider what the
biconditianal X<->Y is logically equivalent to: (X&Y)v(-X&Y). Since this is
itself a disjunction, we will have two branches, each of which will have the
decomposition products fram a conjunction on it. the result is:

X<=>Y
X =X
Y =Y
For negated bicopditionals, we note that -(X<->Y) is logically equivalent to
-[ (X~>Y)&(Y->X)). By DeMorgan’s law, this is equivalent to -(X->Y)v-(Y->X);
and, by the corditional law, we get: (X&Y)v(Y&X). Again, we use the rules
for disjunctions and camjunctions to get two branches, similar to that above.

.

8-3. a)

1 F R P

2 | * —(F & K) | -C

3 -F -K 2 =&
X

INVALID. C.E.: (F&K)

8-3. b)

1 * ~(~S & T) P

2 -S -C
I " I

3 * —§ -T 1-&

4 S 3 —
X

INVALID. C.E.: (~5&T)

8-3. ¢)

1 * KvH P

2 -K P

3 | * —(H & D) -

" |

4 K H 1lv
X | —— I

5 -H -D 3 -&

INVALID. C.E.: (-K&H&-D) X

48

8-3. 4)

1 * -(I & P)
2 *PVF
3 * —(IVvF
4 -I
5 -F
I " I
6 -I -P
= | | ——
7 P F P
X X
INVALID. C.E.: (-I&F&P)
8-4. a)
1 A
2 B
3 * —(A & B) |
‘ A
4 -A -B
X X
VALID
8-4. b)
1 * C>H
2 * —-(-H > C)
3 -H
4 =
I A |
5 &% —C H
C X
X
VALID
8-4. ¢)
1 *K>F
2 F
3 -X
| A
4 -K

INVALID. C.E.: (F&=K)
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PPP£11448

8-4. n)

8-4. k)

* -(Q > D)
* -(Q & -B)

R

CJ
[}
o~

* —(B & -R)
* -(DV =Q)
-D
-D
* —Q

SN OO0

2-&

D.Pn_v <«

* -(F & -L)
* —(L & -C)

* —(F <=> L)
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8-4. m)
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C.E.
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8-5.

In doing truth trees, we are concerned with the truth values of atamic
sentences which are minimally sufficient to make the original sentence true.
Thus, if a rule tells us to write: X

=Y we could just as well write the
stack in the reverse order. This is because it is the truth values of the
atomic sentences that we are concerned with, so order does not matter.
[Notice that X and -Y on the same stack correspards to (X&-Y), which is
logically equivalent to (-Y&X).] Similarly, the order of branches does not
matter, since XvY is logically equivalent to ¥YvX.

8-6.

By using DeMorgan’s law, we can change a negated conjunction -(X&Y) to
a disjunction -Xv-Y, and then decampose this using the rule for disjunctions.
In this way, we can do away with the rule for negated conjunctions.
Similarly, we can change any negated disjunction -(XvY) to a canjunction,
=-X&-Y, ard then use the rule for conjunctions.

We can also do away with the rules for disjunctions and conjunctions, and
use only the rule for negated disjunctions and negated conjunctions. In this
case, whenever we had a conjunction, X&Y, on a tree, we would use DeMorgan’s
Law to get -(-Xv-Y), amd use the rule for negated disjunctions. Likewise,
any disjunction, XvY, could be converted to a negated conjunction, —(-X&-Y),
using DeMorgan’s Law.

8-7.
a) Since a conjunction X&Y&Z is true whenever X and Y and Z are all
tme,vmeneverwehaveacmij:umwlththreecmjmwtsinatree,
sinply write:
Y
Z underneath the original conjunction.
Similarly, any disjunction Xv¥vZ is true whenever either X or Y or Z is true.
So, on a tree, we write three branches under the disjunction:

X Y Z

b) In general, for a conjunction of any length, X&Y&...&Z, in a tree, we
write all of the conjuncts in one branch directly below the original
conjunction. For a disjunction of any length, Xv¥v...vZ, in a tree, we write
one branch for each of the disjuncts below the ariginal disjunction.

8-8.

By the truth table definition of the sheffer Stroke, we saw that X|Y is
logically eqguivalent to -(XvY); and, by DeMorgan’s law, it is logically
equivalent to -X&Y. So, matruthtree vhenever we see X|Y, we write -X
ard-YmamebrardxdlrectlybelWLt. Wealsosawthatxlxmloglcally
equivalent to -X; so, whenever X|X appears in a truth tree, we simply write
-X directly below it.

54

ANSWERS TO EXERCISES IN VOIIME I, CHAPTER 9

9-1. a) & b) -, ¢) -, d) =>.

9-2. a)
1 B
2 * -[(BV C) & (BVvD)]
3 * -(Bv () * —(B v D)
4 -B -B
5 -C -D
X X
VALTD
9-2. b)
1 *DVF
2 K> -F
3 * —[«F > (DV K)]
4 -]
5 * =(Dv K)
6 -D
7 -K
| A |
8 D F
X X
VALID
9-2. ¢)
1 *N> (D > P)
2 * N>
3 -(N > P)
4 N
5 -P
I A
6 -N *D>P
X A |
7 -N D
X | ———|
8 -D P
X X
VALID
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9=3. i)
1 ®((I&=T) Vv [(T&K V~-(K&I))) -
2 e —(I&-J) 1
3 ® ((J&K) V-(K&I)) 1w
4 ® ~-(J & K) 3w
5 * —(K&I) 3w
6 *K&l 5 —
7 K 6 &
8 I | 6 &
9 -1 * —J 2 -
10 X J 9 —
|—— |
1n -J X 4 -
X X
LOGICAL TRUTH
9-3. J)
1 ®~([(C&(AVD)) V-(C&F]V-A& -G)) -
2 * -[(C& AVD) Vv-(C&F)] 1~
3 ® —(A & -G) 1w
4 ® -[C& (AVD)) 2w
5 ¢ —(C&F) 2w
6 *A & -G 3 -
7 *C&F 5 —
8 A 6 &
9 -G 6 &
10 C 7&
1n | F | 7&
12 - * ~(A v D) 4 -
13 X -A 12 «w
14 - 12 «
X
LOGICAL TRUTH
9-4. a)
1 * A&B) & (-AV -B) 8
2 *A&B l&
3 *-Av-B l&
4 A 2 &
5 | B | 2 &
6 -A -B 3v
X X
CONTRADICTION

9-4. b)

1 * (FVG) & (-F v G)
2 *FVG
3 | * <F v -G |
4 F G
5 -F - -F -
X X
NOT A OONTRADICITON. C.E.: (F&G); (G&F)
9-4. ©)
1 | ® (F v G)<=>(~F & =G)
2 *FVvG ® -(FvG)
3 * -F & G ® —(-F & G)
4 -F
5 -G
| ——r—]
6 F G
7 X X -F
8 | -G |
B S —
9 ® —F ® —~G
10 F G
CONTRADICTION X X
9-4. d)
1 *(IVIJ&K]>[(IvI) &K]
2 ®-[IVv (J&K)] ® (IvJ) &K
3 -I *IvJd
4 ® -(J &K) K
[ |
5 -J -K I J
NOT A CONTRADICTION. C.E.: (-I&VJ); (-I&K); (RuI); (R&J)
9-4. e)
1 *(H&F) >C) &~[H> (F>C))
2 * H&¥F) >C
3 *~H> (F>0)
4 H
5 * —(F > Q)
6 F
7 | = |
8 *-H&F) (o]
| A I X
9 -H -F
X x'r.:;_ CONTRADICTTON
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9-4. f)

1 * -((B& Mv~-P)] >[P>(MV-B))) s
2 *B& (Mv -P) 1->
3 * ~(P> (-Mv -B)) 1=
4 B 2 &
5 *Mv -P 2 &
6 P 3=
7 * —(-M v -B) 3 =
8 * —M 7~
9 * —B 7 =
10 M 8 —
11 B 9 —
I g I
12 M -P 5v
X
NOT A CONTRADICTION. C.E.: (B&P&M)
9-4. g)
1 * (A<=->B)<->(-A<->B) S
2 * A<->B * —(A<->B) 1o
3 * —-A<->B * —(-A<->B) 1o
" | et ——
4 A -A A -A 2 O~
5 B -B -B 2 O
[ ———] —r—] | —"—] | ——|
6 -A -—A -A * —A -A —A -A * —A 3 OO
7 B -B B -B -B B ~B B3 <o~
8 X X X A X X X A 6 —
X X
OONTRADICTION
9-4. h)
1 *[(-FVQ) Vv (P&Q)] & ~(Q> -F) S
2 * (~-FVQ) V(P&Q) 1&
3 * —(-Q > -F) l&
4 -Q 3=
5 * —F 3 =
6 F 5 —
8 |
? * -FvQ *P&Q 2v
I__._..A
8 -F Q 7V
9 X X P 7&
10 Q 7&
CONTRADICTION X
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9-4. 1)
1 * K> (D>P)) & [(-KvD) & -(K>P)] S
2 *K> (D>P) l1&
3 * (-.KvD) &-(K>P) l1&
4 *-KvD 3&
5 * —(K> P) 3&
6 K 5 =>
7 -p 5 =
8 -K *DlP N 2>
X ~ |
9 -K D 4 v
X | ——|
10 -D P 8 >
CONTRADICTION - X X
9-4. J)
1 * ((GVvQ & (K>G)] & -(PVv -K) S
2 * (-GVQ) & (K>G) l1&
3 * =(P v -K) l1&
4 * -GVQ 2 &
5 *K>G 2 &
6 -P 3 -
7 * —K 3 -
8 K 7 -
l A |
9 -G Q 4v
mmae— —
10 -K G ~K G 5 >
X X X

NOT A CONTRADICTION. C.E.: (~P&K&QSG)

9-5. From exercise 4-3, we saw that two sentences X and ¥ are logically
equivalent if and only if the two arguments "X. Therefore Y" and "Y.
Therefore X" are both valid. Since we can test the validity of arguments
using truth trees, we can formulate a new way of testing logical egquivalence
with trees by using this information. To determine whether X and Y are
logically equivalent, it is sufficient to test both of the arguments X/Y and
¥/X for validity. Note that with this new method, we need two truth trees.

9-6. a)

1 * =[(A > <A) <~> -A] -5

2 * A > -A * =(A > -A) 1 -
3 * —A -A 1 ~>
4 A 3 —-

| ——————]

5 -A -A 2>
6 X X A 2 =>
7 —A -
IOGICALLY BQUIVALENT X
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9-6. €)

9-6. b)
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C.E.: (-D&-I&Q): (-D&—Q)

C.E.: (-F&P)

NOT LOGICALLY EQUIVALENT.
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1 ¢ ~([L&(SVT)I<>[(L&S) vV (L&T)))
2 *L&(SVT *~L&(SVT)
3 ® —[(L&S) V(LED] ® (L&S) V(L&T)
4 L ——r
5 *SvVT -L ® -(SVT)
6 ® —(L&S) ——
7 e -(L&T) | *L&SHML&T
8 s T
| ———— | ——I
-L -S -L -S
X X X |=~=1
10 -L -T L
1 X X L T
12 s X
13 X -s
14 -T
15 *LLS * I,
16 L
17 s
X
10GICALLY BQUIVALENT
9-6. h)
1 *~([HVv =(-P Vv -Q)]<=>[(HVP) & (HV Q)]}
2 *Hv -(-PV Q) “HvVv-(-PVv Q)
3 *-[HVP) & HVQ)] (HVP)T(HVQ)
4 *<-MHvVP * ~(H v Q) [1]
5 -H -H
6 -p
et ———\ —
7 H* =(-Pv -Q) H* =(~P v =Q)
8 X * =P X * =P
9 —0 * —0
10 P P
1 X Q
: X

FOR COMPLETION OF THIS TREE, SEE [1] BELOW.
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{1] (9-6. h CONTINUED)

2 * ~(Hv =(-P v =Q)) 1 -

3 * HvP) & (HvQ) 1 -

4 -H 2 v

5 * —(-P v Q) 2 v

6 *Hv P 3 &

7 *HvQ 3&

8 | * -Pv Q | 5 —

9 H P 6v

X | ]

10 H Q 7v
X | —r—|

12 -P -Q 8v

X X
9-7.

a) Yes. According to the definition (Cl), a sentence of SL is
consistent if and only if it is not a contradiction. But, no logical truth
con be a contradiction; so, all logical truths are consistent.

b) Since a contradiction is defined as a sentence which cannot be true
under any possible assigmment of truth values to atamic sentence letters, any
sentence which has at least one assigmment of truth values to atamic sentence
letters which makes it true is not a contradiction. But, if the sentence is
not a contradiction, then it is consistent (Cl). Likewise, if a sentence is
consistent according to (Cl), then it is not a contradiction; thus, there is
at least one assigmment of truth values to atamic sentences which makes the
sentence true,

c) (C2) essentially states the fact that the set (X,Y,Z} is consistent if
and only if there is an assigmment of truth values to atcamic sentences which
makes X and ¥ and Z all true. But, wherever this is the case, there is an
assigrment which makes X&Y&Z true. And, according to (Cl), any sentence o SL
is consistent if it is not a contradiction. If X&Y&Z is true in an
assigmment, then it is not a contradiction. Therefore, a set of sentences is
consistent according to (C2) if and only if the conjunction of its members is
consistent according to (C1).

d) No, the given set is not consistent. According to (C2), a set of
sentences is consistent if and only if there is an assigmment of truth values
to sentence letters which makes all members of the set true. But, any
assigmment which makes -A true will make ——a false, and vice versa.

e) Any infinite set of sentences which does not include a sentence X and
its negation -X (or same sentence or sentences which imply -X) is a
consistent set. Here is one example: (Al, A2, A3, ...}.

9-7. f1)
1 *PvS S
2 *P>S8S S
| ~ |

3 P s 1v
| | J A |

4 =P S -P S 2>
X .

CONSISTENT. MODEL: (P&S); (S&—P)
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